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Kinematic considerations for mantle mixing

Guy Metcalfe!, Craig R. Bina?, and J. M. Ottino*

Abstract. Recent experimental and computational studics
show that “islands” (unmixed regions that do not interact with
surrounding regions) are ubiquitous features in chaotically
advecting fluids. Such islands quite naturally account for the
geochemically inferred coexistence of apparently distinct,
long-lived geochemical heterogeneity with relatively homo-
geneous regions of an actively convecting mantle. These
results also indicate that mixing patterns—ihe set of islands
and folds characierizing the large-scale material advection—-
are sensitive to small variations in the rheology of the fluid.
Therefore, interpretation of numerical simulations of mantle
transport and mixing is less straightforward than currently
supposed. Computational studies of analytic flow solutions
with systematically introduced and controlled errors indi-
cate that mantle simulations are unlikely to accurately com-
pute individual trajectories for even moderate time, but that
trajectory ensembles can be accurately computed for long
time. Significantly, computations also indicate that mixing
and transport results may not evolve smoothly with increased
rheological realism.

Introduction

Xenoliths, erupted basalts, and tectonically exposed ul-
tramafic rocks provide evidence for mantle isotopic hetero-
geneity on scales from tens of meters to thousands of kilo-
meters, Solid-state diffusion operating over the age of the
earth can only homogenize (O(10~2m) scale heterogeneities.
While mid-ocean ridge basalis exhibit small-amplitude het-
erogeneity on all scales, their relative global uniformity sug-
gests they arise from a well-mixed reservoir. Oceanic island
basalts (OIB), on the other hand, exhibit large-amplitude
heterogeneity on large scales (e.g., the 1000-km scale DU-
PAL anomaly). In addition to a source region for mid-ocean
ridge basalts (MORB). at least three additional reservoirs of
distinct isotopic compositions, apparently associated in part
with recycled crustal material, are required to explain the
ohserved OTB mixing trends [Hart and Zindler, 1989],

Interpretation of these geochemical observations depends
crucially on understanding the material advection {(mixing
and transport) properties of the active mantle. Experimen-
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tal and computational mixing studies in highly controlled
flows show that even seemingly inconsequential errors in the
computed velocity field of 3-D or time-dependent flows can
cause enormous changes in the advection patterns. These
velocity field errors can arise from numerical sources and,
more importantly, from imperfect theological models, The
results obtained to date are based on idealized flows, but
their very simplicity makes them amenable to both in-depth
theoretical study and a considerable degree of experimental
investigation [Ortino ef al., 1988, 1992; Ottino, 1989, 1950a,
1990b; Jana et al., 1994},

Computations

The fact that a flow is chaotic greatly accelerates the 1oss
of accuracy, affecting not only the useful length of simu-
lations, but also what quantities can even be meaningfully
computed. Extensive computations point out the magnitude
of these effects. There are two types of errors to be con-
sidered. The first are numerical errors, namely round-off,
discretization, and integration errors. The second are model
mismatch errors, such as specification of a rheology which
does not exactly match that of the physical system. Both error
sources are upavoidable in mantle computations, Flows with
analytic solutions allow systematic, detailed investigation of
the effects of all sources of error.

The most stringent computational test corresponds to an
individual particle trajectory, After only 2 or 3 circulation
times, an error in the velocity field greater than 0(0.1%)
produces a deviation of the computed from the true trajec-
tory which is of the order of the size of the domain. If, on the
other hand we calculate the advection pattern (large folds,
islands, striation patterns, etc.) by starting many points from
nearly the same initial location, mimicking a dye advection
experiment, velocity field errors of @(1%) produce correct
advection patterns: patterns identical to those obtained using
analytical velocities and nearly indistinguishable from cor-
responding experiments. This can be understood by noting
that errors in particle positions are along manifolds rather
than normal to them, so that numerical trajectories continue
to mark the manifolds which are therefore the robust features
of chaotic flows. This behavior is a consequence of the sen-
sitivity to initial conditions as expressed by the “shadowing
lemma” [Grebogi et al., 1990]. Simply, this lemma states
that associated with almost every trajectory in the error-free
dynamical system, there is a nearby trajectory in the sim-
ulated system that remains close to (“shadows”) the actual
trajectory for some (accuracy-dependent) duration. Com-
puting many trajectories at once thus produces an accurate
picture of the system at large.

Larger velocity ficld changes, above the 2-3% level with
respect to some reference case, are produced by, for exam-
ple, rheological or thermal variations. This is of particular












